
S E L F - A D J O I N T  S O L U T I O N  T O  T H E  P R O B L E M  OF 

H E A T  A N D  M A S S  T R A N S F E R  IN A M U L T I P H A S E  M E D I U M  
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A se l f -ad jo in t  solution is obtained to the p rob l em of heat  and m a s s  t r a n s f e r  in a mul t iphase  
med ium,  with the flow of the gaseous  phase  taken into account.  

An ana lys i s  of heat  and m a s s  t r a n s f e r  p r o c e s s e s  with phase  t r an s fo rma t ions  does,  in many c a s e s ,  
r equ i re  the solution of the following s y s t e m  of d i f ferent ia l  equations: 

fo r  the gaseous  phase  (x > Xn(t)) 

Op Opo --[ = O, 
Ot Ox 

+ T ;  = - 2 ;  ' 

oo I o(  ooi 
o x =V2x Do Ox J' 

RpT/~ = Po* , 

fo r  the condensate  phase  (x < Xn(t)) 

OT 
ckPk - ~  = L k 

The continuity conditions to be sa t is f ied  a t  the in te rphase  
med ium as  well  as  of one of its components ,  the t h e r m a l  

Ph dx~ dx~ 
- -  - -  p - ~- pv, 

dt dt 

OaT 

Ox ~ 

boundary (x = Xn(t)) apply to the m a s s  flux of the 
flux, and the t empe ra tu r e :  
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Ox 

dx n dx ,, 
- -  9 J ~  - -  - -  ap apv - -  D p  - -  

dt dt 

OT )~.OT dx,~ L, 
" ' = -:- Pk 
~z: Ox Ox 

Txn_o = Txn+o 

and valid is a l so  the Clapeyron- -Claus ius  equation 

a = e x p  - - - - ~  T 

The initial  conditions a r e  st ipulated as  follows: 

T O at x >  O, 
T =  TH at x,<O, 

a=ao at x>O, P=P0 a t  x>O, x~(O)=O. 

(i) 

1 

(2) 

* The as sumpt ion  of a constant  p r e s s u r e  in the heating zone is valid as  long as  the gas  veloci ty  is much  
lower  than the veloci ty  of acoust ic  pe r tu rba t ions  (see [1], fo r  example) .  
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The thermal  conductivity and the diffusivity a re  assumed  to be power functions of the t empera ture :  

L = ~'o (T/To) s, DO = DoPe (T/To) s. 

This sys tem desc r ibes  the p roce s s  of heat and m a s s  t r a n s f e r  during a momenta ry  contact  between 
a volatile condensate and a hot gas. The subsequent solution is special  in that it yields resu l t s  convenient 
not only for  a p re l iminary  analysis  but also for a numer ica l  calculat ion of the f i rs t  stage of the p rocess  in 
a more  complex system. 

System (1) is conveniently analyzed in Langrangian m a s s  coordinates:  

[pkx(X--Xn(,)) at X<X~, 

m(x" t ) :  ] j lp(~,  t)d~ at x:~x,~. 

With-pk(dXn/dt )  denoted by b(t) and 1/0 denoted by V, the sys tem of Eqs. (1)-(2) can be rewri t ten  as follows: 

fo r  the gaseous phase (m < 0) 

or_v_ + b-~ , oo _ O, 
a-c am am 

OT , b OT 0 ( ~ OT ) 
O,c Om Om c p V Om 

Oa ,, b Oa a ( D aa ) 
O'r Om Om V 2 Om 

for  the condensate phase (m > 0) 

RT = Po~V, 

The continuity conditions at the interphase boundary (m 

c)T + b OT ~.h O~T 

0"~ Om chV k Om ~ 

= 0) a re  

v = b (g - -  gl~ ), 

D aa 
b (l--a) + . . . .  0, 

V 2 Om 

)~k OT 2~ OT 
- -  bL, 

V h Om V Om 

T_ o = T +o, 

a = e x p  ----~-- T Tboil " 

form:  

(4) 

We will now rep resen t  b(7) and v(m, T) in the following 

b(~) - -  bo(~)/ l /~- ,  v (m,  T) = vo(m, ~)/I ~. 

It can be easi ly  ascer ta ined  that the equations in T, a,  V, v 0, b 0 as well as the initial values of these quan-  
t i t ies  a re  retained af te r  the s imi lar i ty  t ransformat ion.  

Tnew = xo'"Col d, renew -= m0.mol d 

if r 0 = m 2. Consequently, the solution to problem (4) depends only on the combination of a rguments  z = In 
/4-~, which is cha rac te r i s t i c  of parabol ic  equations (see [2]). Considering that 

0 z d O 1 d 

& 2z dz Om 1/T  dz 

we can easi ly  reduce sys tem (4) to a sys tem of ord inary  different ial  equations. 

If we assume that the t empera ture -dependence  (3) of the rma l  conductivity and of diffusivity c o r r e s -  
ponds to s = 1 (and such an assumption is m o r e  rea l is t ic  than assuming these quantit ies to be constant),  
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then the solut ion to this  s y s t e m  can  be found in expl ic i t  fo rm.  Le t  T n, a n, and V n be r e spec t i ve ly  the 
t e m p e r a t u r e ,  the c o n c e n t r a t i o n ,  and the spec i f ic  vo lume  at the i n t e rphase  boundary ,  then the solut ion wi l l  
be:  

f o r  the g a s e o u s  phase  (z > 0) 

T(~) = To-- (To-- T.) 

a (z)  : : :  a, ,  - -  (no  - -  a , , )  

z ~ 2b o 

1 - -  err _ ( 2 z~2b .  
. VVo/vo) 

t + err (boVo/I/-~o) ' 

(T o - -  T,,) t ~,,V,, 
Vo (z) :.: b,, ( V , , -  V/,)-t- 

2T,, V ~,~ 
{ (z - -  2b.) ~ b~) 

exp 
/ , ~./c1,Vo ,] 

>::i 
I �9 err ( b o / I / ~ )  

f o r  the condensa te  phase  (z < O) 

( z - -  2b o / 
1 -t- err \ 2 V ~ ]  

T (z) .... TN - -  (rI l - -r")  1 - -  err ( b o / V ~ , )  " 

The va lues  of T n, a n, and V n n e c e s s a r y  fo r  comple t ing  the solut ion wi l l  be obta ined f r o m  the condi t ions  at  
the i n t e rphase  boundary :  

V. =.= RT,/~tp o, 

Lx)) 
]~-Do (a,,--ao) exp (--boVg/Oo) 

~ o O - a , , ) ~  2vo ~ terr fboWo/V~)  ' 

(T,,-- T,,) exp ( (z-- 2b.) '2 
4Lh/chVl~ ) ] / /  c,,~.,, 

~Y,, 2 t l - -  err ( b o / V ~ )  

f (T o - -  T,,) exp ( (z--2b~ 
1 /  c~,~,, 4L,,IcvVo 

"nV,," " 2 / l  -)- er[ ibo/I/-~---~cv-~o)) + b~ 

which  r e d u c e  to the solut ion of a t r a n s c e n d e n t a l  equat ion  in b 0. The fol lowing f o r m u l a  is val id  f o r  the 
i n t e rphase  boundary :  

x,, (t) . . . .  2bo V-i'lPh. 

A change  back  to E u l e r i a n  c o o r d i n a t e s  is m a d e  by the i nve r se  t r a n s f o r m a t i o n :  

x(m, ~):  x,:(~) i-m/0h for re<O, 
I l l  

x (m, T) :: x,, (x) -t- ,i" V (m, T) dm for tn>O. 
o 

This  p r o b l e m  a r o s e  when the ini t ia l  s t age  of the combus t ion  of  vo la t i l e s  was  ana lyzed .  Na tu ra l ly ,  
such  a solut ion can  be obtained fo r  an en t i r e  c l a s s  of  equat ion s y s t e m s  d e s c r i b i n g  the p r o c e s s  of  heat  and 
m a s s  t r a n s f e r .  This  me thod  can  be used  in ana lyz ing  a g a s e o u s  m i x t u r e  of m a n y  componen t s ,  f o r  ins tance ,  
and such  an  a n a l y s i s  wil l  a l so  apply to  a so l id - - l i qu id - -gas  phase  t r a n s f o r m a t i o n .  

N O T A T I O N  

x is the length coord ina te ;  
t ,  T is the t ime;  
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z = m / ~ V ;  

s 

~s the density;  
~s the specif ic  heat;  
~s the t e m p e r a t u r e ;  
is the gas  veloci ty;  
is the t h e r m a l  conductivity;  
is  the diffusivi ty;  
~s the gas  constant;  
is the m o l e c u l a r  weight  of the gaseous  mix tu re ;  
is the p r e s s u r e ;  
~s the heat  of evaporat ion;  
~s the m a s s ;  
xs the specif ic  volume;  
is the ve loc i ty  of in te rphase  boundary,  in m a s s  coordina tes ;  

is  the exponent of power - l aw  t e m p e r a t u r e - d e p e n d e n c e  of t h e r m a l  conductivi ty and diffusivity.  

S u b s c r i p t s  

k r e f e r s  
boil  r e f e r s  
old r e f e r s  
new r e f e r s  

to the condensate  phase;  
to the boiling point; 
to the old coordina tes ;  
to the new coordina tes .  

i. K.G. 
2. A.V. 
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